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Abstract Data that are skewed and contain a relatively high proportion of zeros can
often be modelled using a delta-lognormal distribution. We consider three methods
of calculating a 95% confidence interval for the mean of this distribution, and use
simulation to compare the methods, across a range of realistic scenarios. The best
method, in terms of coverage, is that based on the profile-likelihood. This gives error
rates that are within 1% (lower limit) or 3% (upper limit) of the nominal level, unless
the sample size is small and the level of skewness is moderate to high. Our results will
also apply to the delta-lognormal linear model, when we wish to calculate a confidence
interval for the expected value of the response variable, given the value of one or more
explanatory variables. We illustrate the three methods using data on red cod densities,
taken from a fisheries trawl survey in New Zealand.

Keywords Lognormal · Profile likelihood · Skewness · Zero-inflated data

1 Introduction

In the life sciences it is common for data to be skewed and to contain a relatively
large number of zeros. In some situations, it is appropriate to model such data using a
lognormal distribution for the positive values, together with an additional probability
mass at zero. This type of distribution is commonly referred to as the delta-lognor-
mal, and was first discussed by Aitchison (1955). It has been used in various appli-
cations since then, and is well-known in fisheries research (Pennington 1983,1991;
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Smith 1988,1990; Myers and Pepin 1990; Lo et al. 1992). We consider situations in
which the parameter of interest is the mean of the distribution, rather than the median.
This will be the case, for example, when we are interested in the mean density of a
species, as it is directly related to total abundance.

In this paper, we consider how to calculate a 95% confidence interval for the mean
of the delta-lognormal distribution. We use simulation to compare three methods for
calculating such an interval. Previous research on this distribution has tended to focus
on the properties of different point estimators of the mean, rather than on interval
estimation (Pennington 1983,1991; Myers and Pepin 1990).

Our results will also be applicable to the more general situation where we have a
delta-lognormal linear model (Lo et al. 1992; Stefansson 1996), and wish to calculate
a confidence interval for the expected value of the response variable, given the value of
one or more explanatory variables. We consider the simpler case, with no explanatory
variables, for ease of exposition.

Note that we do not focus on the robustness of the confidence interval to model-
misspecification. Our aim is simply to assess the performance of different methods
when a delta-lognormal distribution is appropriate.

2 Fisheries example

In order to illustrate the type of data we are concerned with, consider the following
example, taken from a trawl survey carried out by the National Institute of Water &
Atmospheric Research in New Zealand. The data we focus on are the density (kg/km2)

of red cod (Pseudophycis bachus) for a sample of 67 trawls. As mentioned above, for
ease of presentation we do not consider covariates that might influence density. Like-
wise, we do not consider any stratification of the area, and focus simply on estimation
of the mean density of red cod in the study area. There were 13 trawls (19%) with
no red cod; Fig. 1 shows the distribution of the 54 positive densities, both on the
original scale and after log-transformation (these densities are also shown in full in
Appendix A). The Anderson-Darling goodness-of-fit statistics have P -values of 0.004
and 0.1, for the original scale and the log-scale respectively. We therefore assume a
delta-lognormal distribution for the red cod densities in this area.

3 Notation and methods

Consider a non-negative random variable Y for which Pr (Y > 0) = π . We define
X = {ln Y |Y > 0 }, and assume that X ∼ N

(
µX, σ 2

X

)
. Y is said to have a delta-log-

normal distribution. It can be readily shown (Aitchison 1955) that the expected value
of Y is given by

µY = π exp

(

µX + σ 2
X

2

)

(1)
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Fig. 1 Distribution of the 54 non-zero densities (kg/km2) of red cod from a total of 67 trawls: (a) original
scale and (b) after log-transformation

Suppose we have a random sample of n observations yi (i = 1, . . ., n). Without loss
of generality, we assume that the first m of these are positive, and write xi = ln yi

(i = 1, . . ., m ≤ n). Note that we restrict attention to those situations where m > 1, as
we would be unlikely to make use of a delta-lognormal distribution if m were 0 or 1.

We compare three methods for calculating a 95% confidence interval for µY . In
doing so, we assume that the delta-lognormal distribution provides an appropriate
model for the data, and therefore focus on parametric approaches. A traditional method
for analysing skewed data that contain zeros is to use a ln (y+c) transformation, where
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c is some constant (usually c = 1) and then proceed with a standard normal-theory
analysis. It is well known that such an approach is prone to problems, in that the choice
of c can affect the conclusions (Berry 1987; Mead 1988), and we do not consider its
use here.

Following results presented by Finney (1941) for the lognormal distribution, Aitch-
ison (1955) gave expressions for the minimum variance unbiased estimator (MVUE)
for µY . These expressions differ according to whether m = 0,m = 1 or m > 1. The
form of the estimator for the situation we consider (m > 1) is

µ̂Y = p exp (x̄) Gm

(
s2
X

2

)

(2)

where p = m/n, x̄ and s2
X are the sample mean and variance of the xi and

Gm (t) = 1 + (m − 1)

m
t +

∞∑

i=2

(m − 1)2i−1

mi (m + 1) (m + 3) . . . (m + 2i − 3)

t i

i! .

We refer to the expression in Eq. 2 as Aitchison’s estimator. Pennington (1983) gave
expressions for the MVUE of the variance of the MVUE estimator of µY , again accord-
ing to whether m = 0,m = 1 or m > 1. The form of this estimator for the case m > 1
is:

V̂
(
µ̂Y

) = p exp (2x̄)

{

pG2
m

(
s2
X

2

)

−
(

m − 1

n − 1

)
Gm

(
m − 2

m − 1
s2
X

)}

(3)

Note that the MVUE-properties of the estimators provided by Aitchison (1955) and
Pennington (1983) will not carry over exactly to the expressions in Eqs. 2 and 3, but
the effect of this should be negligible, as the chance of m being 0 or 1 will be small for
those situations where one would use the methods presented in this paper. Assuming
approximate normality for µ̂Y , a 95% confidence interval for µY is given by

µ̂Y ± 2
√

V̂
(
µ̂Y

)
(4)

Clearly this will not provide the asymmetry that one would expect in a confidence
interval for the mean of a skewed distribution. We have included it here because its
use is implicit in the work on Aitchison’s estimator (Pennington 1983,1991; Smith
1988,1990; Myers and Pepin 1990).

Land (1972) presented a comparison of a number of approximate methods for cal-
culating a confidence interval for the mean of a lognormal distribution. The best of
these was based on an idea put forward by Sir David Cox. For the delta-lognormal
distribution, we modify the method as follows. We first calculate a confidence interval
for θ = ln µY , and then back-transform the endpoints. From Eq. 1, we have

θ = ln π + µX + σ 2
X

2
. (5)
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A natural estimator for θ is given by the corresponding function of the statistics p, x̄

and s2
X, which are jointly sufficient for π,µX and σ 2

X. This leads to

θ̂ = ln p + x̄ + s2
X

2
. (6)

Note that p is not the maximum likelihood estimate (MLE) for π , as we are restricting
attention to those situations where m > 1. Thus m has a truncated binomial distribu-
tion, for which the MLE (π̂) is obtained by numerical search (Finney 1949). However,
the difference between p and π̂ is small for those situations where one would use the
methods presented in this paper. Even for m as small as 5, the relative difference
between the two estimates is always less than 4% (c.f. comments above regarding
Aitchison’s estimator).

An estimate of the variance of θ̂ is given by (Appendix B):

V̂
(
θ̂
)

≈
(
d̂ − ĉ

) (
1 − ĉd̂

)
− m

(
1 − ĉ

)2

m
(

1 − ĉd̂
)2 + s2

X

m
+ s4

X

2 (m + 1)
. (7)

where ĉ = (1 − p)n−1 and d̂ = 1 + (n − 1) p.
Assuming approximate normality for θ̂ , a “back-transformed” 95% confidence

interval for µY is then given by

exp

{

θ̂ ± 2

√

V̂
(
θ̂
)
}

(8)

The final method we consider is use of a profile-likelihood interval (Venzon and Mool-
gavkar 1988). The profile log-likelihood is defined as

lp (µY ) = l {µY , π̃ (µY ), µ̃X (µY ) ; y} (9)

where l (µY , π, µX; y) is the log-likelihood, y is the vector of observations, and
π̃ (µY ) , µ̃X (µY ) are the maximum likelihood estimates of π and µX for given µY .
For notational convenience, we suppress the dependence of the latter two functions
on µY , and write

lp (µY ) = l (µY , π̃, µ̃X; y) (10)

The function

w (µY ) = 2
{
lp

(
µ̂Y

) − lp (µY )
}

has a distribution which is approximately χ2
1 , where µ̂Y is the maximum-likelihood

estimate of µY . This leads to 95% confidence limits being defined as the two values
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of µY that satisfy

w (µY ) = 3.84, (11)

where 3.84 is the 95th percentile of the χ2
1 distribution. The iterative procedure used

to find these values is given in Appendix C.

4 Simulations

We used simulation to assess the properties of the three methods presented above. We
denote the methods as follows:

Method A: Using Aitchison’s estimator (Eq. 4)
Method C: Using a modification of Cox’s method for the lognormal (Eq. 8)
Method P: A profile-likelihood interval (Eq. 11)

The coverage properties of these methods are not affected by the choice of µX (c.f.
Land 1972). This is readily seen by considering the effect of changing the value of µX

by a specified constant, i.e. µX → µX + δ, say. Then we have µY → exp (δ) µY and
x̄ → x̄ + δ. These transformations will not change the error rates, as can be verified
by considering their effect on Eqs. 2–4, 6–8 and C.2–C.4. We therefore set µX = 0
and considered combinations of the following factors:

1. Sample size: n = 20, 50, 100
2. Probability of a positive observation: π = 0.2, 0.5, 0.8
3. Coefficient of variation of the positive values: CV = 0.5, 1.5, 2.5.

Note that the skewness (γ ) of the lognormal distribution is completely determined
by its CV, via the formula γ = CV

(
CV2 + 3

)
. We excluded the three combinations

corresponding to n = 20 and π = 0.2 (with CV = 0.5, 1.5, 2.5) because for these
the expected number of positive observations (m) is only 4: we would not expect any
method to work well for such a small number of positive values.

We assessed the performance of each method by calculating:

1. The lower and upper error rates, i.e. the proportion of times µY was below the
lower limit or above the upper limit, as well as the overall error rate (lower +
upper);

2. The median of both the lower and upper relative half-widths, these widths being
defined as

µ̂L
Y − µY

µY

and
µ̂U

Y − µY

µY

respectively, where µ̂L
Y and µ̂U

Y are the lower and upper confidence limits.
For each combination, we used 10,000 simulations, giving standard errors for the

lower and upper error rates of approximately 0.2%. The standard errors for the median
relative half-widths were estimated using the following non-parametric bootstrap pro-
cedure. We generated 1000 bootstrap samples, each of these being a random sample
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(with replacement) of size 10,000 from the original 10,000 relative half-widths. We
estimated the standard error of the median using the standard deviation of the resulting
1000 bootstrap-sample medians.

5 Results

The results for the error rates are shown in Table 1. Note that where the lower error rate
is given as 0.00%, it means that none of the 10,000 simulations led to the population
mean being below the lower confidence limit. As would be expected, the lower error
rates are generally closer to the nominal level of 2.5% than are the upper error rates.
The largest departures from the nominal level are for the upper error rates, when the
expected number of positive observations is small and there is a high level of skew-
ness (corresponding to a high CV). Increasing the number of positive observations
and decreasing the skewness both lead to general improvements in the error rates, as
we might expect.

The worst method is clearly A: if there is a high level of skewness, the upper error
rate for this method is above 8%, and the lower error rate is below 1%, even for the
largest sample sizes. Method C is generally better than A, especially for the upper error
rates when there is a medium to high level of skewness. Method P is the best overall.
It has an error rate that is closest to the nominal level in all but two combinations for
the lower limit, and all but four combinations for the upper limit. For this method, the
lower error rate is always within 1% of the nominal level of 2.5%. The upper error
rate is within 3% of this nominal level in all but two combinations, when π is near the
boundary and the sample size is small. For Method P, the median absolute difference
(across the 24 combinations) between the estimated true error rate and the correspond-
ing nominal level is 0.4% (lower), 0.9% (upper) and 0.7% (overall): the corresponding
medians for Method C are 1.2% (lower), 1.5% (upper) and 0.6% (overall).

The overall error rates show broadly the same patterns as the upper error rates,
except that the performance of Method C is closer to that of Method P. In practice,
we expect the lower and upper error rates to be of more direct concern than the over-
all error rate. For example, we would not want to conclude that a method is reliable
because it gives an overall error rate that is close to the nominal level of 5%, as this
may arise simply because the lower error rate is close to 0% and the upper error rate
is close to 5%.

The medians of the lower and upper relative half-widths are shown in Table 2,
and provide some insight into the patterns in the error rates. Taking Method P as the
standard, we can see that both the lower and upper limits for Method A are too low,
especially when there is a high level of skewness. For the smaller sample sizes, the
upper limit for Method C tends to be too high when there is a low level of skewness
and too low when there is a high level of skewness.

6 Fisheries example

In order to illustrate use of the methods presented above, we consider the red cod data.
The 54 non-zero densities had a mean of 290.5 kg/km2, and a coefficient of variation
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Table 1 Estimated lower, upper and overall (lower+upper) error rates for each of three methods of calcu-
lating a 95% confidence interval for µY , based on 10,000 simulations. For each combination, the expected
number of positive values in the data is denoted E(m). The binomial standard errors are all less than 0.5%

n π E(m) CV Lower Upper Overall

A(%) C(%) P(%) A(%) C(%) P(%) A(%) C(%) P(%)

20 0.5 10 1.0 0.00 0.6 1.8 22.7 7.9 4.9 22.7 8.5 6.8

0.5 0.05 1.1 2.0 17.1 6.2 5.0 17.2 7.3 6.9

0.2 1.3 3.6 2.4 5.5 1.8 3.3 6.9 5.4 5.8

20 0.8 16 1.0 0.00 0.5 1.8 19.5 7.3 9.8 19.5 7.8 11.6

0.5 0.04 0.9 2.1 13.1 5.2 6.0 13.2 6.1 8.1

0.2 1.3 2.8 2.1 4.2 1.9 3.0 5.5 4.7 5.1

50 0.2 10 1.0 0.01 0.7 1.9 23.3 7.4 4.8 23.3 8.1 6.6

0.5 0.02 1.4 1.9 16.5 5.7 4.8 16.5 7.1 6.7

0.2 0.5 3.3 2.4 7.2 2.2 3.3 7.7 5.5 5.7

50 0.5 25 1.0 0.01 0.7 1.8 15.2 5.4 4.0 15.2 6.2 5.8

0.5 0.06 1.4 2.2 10.3 4.3 3.4 10.4 5.6 5.6

0.2 1.4 3.0 2.4 4.0 1.8 2.7 5.5 4.9 5.2

50 0.8 40 1.0 0.00 0.7 2.0 12.6 5.3 4.5 12.6 6.0 6.5

0.5 0.12 1.2 2.3 9.0 4.4 3.6 9.1 5.6 5.8

0.2 1.8 2.5 2.2 3.6 2.0 2.9 5.4 4.6 5.1

100 0.2 20 1.0 0.00 0.9 2.0 16.4 5.5 3.7 16.4 6.3 5.7

0.5 0.03 1.2 1.8 12.4 4.6 3.9 12.4 5.8 5.8

0.2 0.8 2.5 2.0 5.2 2.0 3.0 6.0 4.5 5.0

100 0.5 50 1.0 0.02 1.0 1.9 10.5 4.2 3.1 10.5 5.3 5.0

0.5 0.3 1.5 2.3 7.7 3.7 3.2 8.0 5.2 5.6

0.2 1.5 2.8 2.4 3.5 1.7 2.5 4.9 4.5 5.0

100 0.8 80 1.0 0.06 1.2 2.1 8.3 3.7 2.8 8.4 4.9 4.9

0.5 0.4 1.5 2.4 6.1 3.1 2.6 6.5 4.6 5.0

0.2 2.0 2.9 2.8 2.9 2.0 2.5 4.9 4.9 5.3

of 1.7. Table 3 shows 95% confidence intervals for mean density obtained using each
of the three methods. Method A leads to limits that are too low, whilst those for C
are slightly lower than those for P. Figure 2 shows the profile log-likelihood curve,
together with the 95% confidence-level threshold corresponding to use of Method P.

7 Discussion

The aim of this paper has been to consider the coverage properties of three methods of
calculating a confidence interval for the mean of a delta-lognormal distribution. Our
results suggest that the profile-likelihood approach (Method P) performs reasonably
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Table 2 Estimated median lower and upper relative half-widths, for each of three methods of calculating a
95% confidence interval for µY , based on 10,000 simulations. For each combination, the expected number
of positive values in the data is denoted E(m). The bootstrap-based standard errors are all less than 3% of
the corresponding estimate

n π E(m) CV Lower Upper

A C P A C P

20 0.5 10 2.5 −1.00 −0.73 −0.68 0.65 2.40 4.43

1.5 −0.86 −0.62 −0.60 0.63 1.48 2.12

0.5 −0.55 −0.42 −0.45 0.52 0.73 0.65

20 0.8 16 2.5 −0.86 −0.64 −0.58 0.58 1.57 2.17

1.5 −0.66 −0.51 −0.47 0.53 0.99 1.19

0.5 −0.33 −0.28 −0.30 0.32 0.39 0.38

50 0.2 10 2.5 −1.03 −0.75 −0.71 0.67 2.53 4.51

1.5 −0.91 −0.65 −0.63 0.69 1.68 2.31

0.5 −0.65 −0.48 −0.51 0.61 0.90 0.80

50 0.5 25 2.5 −0.77 −0.57 −0.53 0.56 1.22 1.57

1.5 −0.60 −0.46 −0.44 0.51 0.83 0.96

0.5 −0.35 −0.29 −0.31 0.34 0.41 0.38

50 0.8 40 2.5 −0.61 −0.47 −0.43 0.49 0.86 1.02

1.5 −0.45 −0.37 −0.34 0.38 0.55 0.62

0.5 −0.21 −0.19 −0.20 0.20 0.23 0.22

100 0.2 20 2.5 −0.86 −0.63 −0.59 0.63 1.53 2.05

1.5 −0.70 −0.52 −0.50 0.58 1.04 1.20

0.5 −0.46 −0.37 −0.39 0.44 0.58 0.53

100 0.5 50 2.5 −0.57 −0.45 −0.42 0.48 0.79 0.91

1.5 −0.43 −0.35 −0.34 0.38 0.53 0.57

0.5 −0.25 −0.22 −0.22 0.24 0.28 0.26

100 0.8 80 2.5 −0.45 −0.36 −0.34 0.39 0.57 0.63

1.5 −0.32 −0.27 −0.26 0.29 0.37 0.40

0.5 −0.15 −0.14 −0.14 0.15 0.16 0.15

Table 3 95% confidence limits
for mean density of red cod
(kg/km2) for each of three
methods

Method Confidence Limits

Lower Upper

A 121.7 306.0

C 142.3 336.6

P 144.8 359.9

well across a broad range of scenarios, and is certainly the best of the three methods
considered. Even Method P leads to error rates for the upper limit that are not ideal,
but this is perhaps to be expected when we are dealing with situations that involve a
relatively small amount of highly skewed data.
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Fig. 2 Profile log-likelihood curve for true mean density of red cod (kg/km2), together with the 95%
confidence-level threshold

The approach based on Cox’s method for the lognormal distribution (Method C)
is the next best, although it can lead to a lower limit which is too high when there is
little skewness, especially for smaller sample sizes. The use of Aitchison’s estimator
(Method A) is not to be recommended: it will tend to have far too low an upper limit,
especially for smaller sample sizes and a high level of skewness.

Our focus has been on finding a reasonably reliable method that does not involve
use of a computer-intensive procedure, such as the bootstrap or Bayes’ rule. In order
to check on the possible improvement in performance one might achieve using the
bootstrap, we carried out a further set of simulations. These involved using a paramet-
ric studentised bootstrap (Davison and Hinkley 1997) in conjunction with Methods
A and C. This led to a general improvement in their performance, but both methods
were still inferior to Method P.

Throughout this paper, we have focussed on the performance of the different meth-
ods assuming that a delta-lognormal distribution is appropriate. It is possible that in
some situations the positive observations will have a distribution that is more closely
modelled by an alternative, such as a gamma or Weibull distribution (Dennis and Patil
1984; Myers and Pepin 1990). Further research is needed to assess the robustness
of the methods to departures from the delta-lognormal distribution: previous discus-
sion of robustness in this context has tended to focus on point estimation, rather than
coverage of confidence intervals (Myers and Pepin 1990; Pennington 1991). If dis-
tributional assumptions are a concern, one can use a distribution-free approach, such
as non-parametric bootstrapping (Davison and Hinkley 1997) or skewness-correction
(Hall 1992).

As stated at the outset, our results will be applicable to the more general situation
where we have a delta-lognormal linear model, and wish to calculate a confidence
interval for the expected value of the response variable, given the value of one or more
explanatory variables.

123



Environ Ecol Stat (2008) 15:175–189 185

Acknowledgements I thank an Associate Editor and two anonymous referees for comments that led to
improvements in the presentation of the paper. I am grateful to Chris Francis (National Institute of Water
& Atmospheric Research, Wellington, New Zealand) for providing the red cod data. Thanks also to Kim
Duckworth (New Zealand Ministry of Fisheries) for permission to use the data in this paper.

Appendices

A. Data

The positive observations for the data in the fisheries example are shown below. They
are the density (kg/km2) of red cod (Pseudophycis bachus) caught in each of 54 trawls.

10.8 13.2 18.2 19.6 34.2 37.0 41.5 42.3 46.1 46.3 52.7 53.8 55.5 59.2 64.5
66.0 70.2 70.6 74.7 76.8 77.6 78.8 85.0 88.1 89.9 90.8 95.4 100.9 114.1 123.2

131.8 132.7 135.1 141.4 147.4 183.0 223.0 235.3 246.5 253.5 267.1 276.4 293.7 298.6 465.2
584.2 639.2 639.3 663.3 915.7 1004.2 1402.2 1563.2 2948.8

B. Variance of θ̂

It is convenient in what follows to introduce the random variables Z = {Zi} (i =
1, . . ., n), defined as

Zi =
{

1, Yi > 0
0, Yi = 0

Note that m = ∑n
i=1 Zi and that we consider repeated sampling under the constraint

m > 1, i.e. m has a truncated binomial distribution. Then

Pr (m = x) = 1

1 − (1 − π)n − nπ (1 − π)n−1

(
n

x

)
πx (1 − π)n−x

= 1

1 − cd

(
n

x

)
πx (1 − π)n−x x = 2, 3, . . . , n

where c = (1 − π)n−1 and d = 1 + (n − 1) π (we suppress the dependence of these
two variables on π and n in order to simplify the notation).

The nature of the delta-lognormal model means that the variance of θ̂ (Eq. 6) is
given by

V
(
θ̂
)

= VZ

{
E

(
θ̂
∣∣Z

)}
+ EZ

{
V

(
θ̂
∣∣Z

)}
.
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Now

E
(
θ̂
∣∣Z

)
= E

(

ln p + x̄ + s2
X

2

∣∣∣∣Z

)

= E
(
ln p

∣
∣Z

) + E
(
x̄
∣
∣Z

) + E

(
s2
X

2

∣∣
∣∣Z

)

= ln p + µX + σ 2
X

2

In addition, as we are restricting attention to those samples for which m > 1, we have
conditional independence (given Z) of ln p, x̄ and s2

X, and

V
(
θ̂
∣∣Z

)
= V

(

ln p + x̄ + s2
X

2

∣
∣∣∣Z

)

= V
(
ln p

∣∣Z
) + V

(
x̄
∣∣Z

) + V

(
s2
X

2

∣∣∣
∣Z

)

= 0 + σ 2
X

m
+ σ 4

X

2 (m − 1)

Thus we have

V
(
θ̂
)

= VZ

{

ln p + µX + σ 2
X

2

}

+ EZ

{
σ 2

X

m
+ σ 4

X

2 (m − 1)

}

= VZ (ln p) + EZ

{
σ 2

X

m
+ σ 4

X

2 (m − 1)

}

≈ VZ (p)

EZ (p)2 + σ 2
XEZ

(
1

m

)
+ σ 4

X

2
EZ

(
1

m − 1

)

= VZ (m)

EZ (m)2 + σ 2
XEZ

(
1

m

)
+ σ 4

X

2
EZ

(
1

m − 1

)

= EZ
(
m2

)

EZ (m)2 − 1 + σ 2
XEZ

(
1

m

)
+ σ 4

X

2
EZ

(
1

m − 1

)

where we have used the delta method to obtain an approximation to VZ (ln p).
Now

EZ (m) = 1

1 − cd

n∑

x=2

x

(
n

x

)
πx (1 − π)n−x
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= 1

1 − cd

{
n∑

x=0

x

(
n

x

)
πx (1 − π)n−x −

1∑

x=0

x

(
n

x

)
πx (1 − π)n−x

}

= nπ (1 − c)

1 − cd

and

EZ

(
m2

)
= 1

1 − cd

n∑

x=2

x2
(

n

x

)
πx (1 − π)n−x

= 1

1 − cd

{
n∑

x=0

x2
(

n

x

)
πx (1 − π)n−x −

1∑

x=0

x2
(

n

x

)
πx (1 − π)n−x

}

= nπ (d − c)

1 − cd

Hence

V
(
θ̂
)

≈
nπ(d−c)

1−cd
{

nπ(1−c)
1−cd

}2 − 1 + σ 2
XEZ

(
1

m

)
+ σ 4

X

2
EZ

(
1

m − 1

)

= (d − c) (1 − cd)

nπ (1 − c)2 − 1 + σ 2
XEZ

(
1

m

)
+ σ 4

X

2
EZ

(
1

m − 1

)

We can obtain unbiased estimates for σ 2
XEZ

( 1
m

)
and σ 4

XEZ

(
1

m−1

)
, using the two

equations below, which follow directly from normal-theory results for the sample
variance:

E

(
s2
X

m

)

= EZ

{

E

(
s2
X

m

∣∣∣
∣Z

)}

= EZ

(
σ 2

X

m

)

= σ 2
XEZ

(
1

m

)

E

(
s4
X

m + 1

)

= EZ

{

E

(
s4
X

m + 1

∣∣∣∣Z

)}

= σ 4
XEZ

(
1

m − 1

)
.

Using these estimates, and estimating π by p (c.f. discussion pp. 6–7), we have an

approximately unbiased estimate of V
(
θ̂
)

given by

V̂
(
θ̂
)

≈
(
d̂ − ĉ

) (
1 − ĉd̂

)
− m

(
1 − ĉ

)2

m
(

1 − ĉd̂
)2 + s2

X

m
+ s4

X

2 (m + 1)

where ĉ = (1 − p)n−1 and d̂ = 1 + (n − 1) p.
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C. Profile log-likelihood

We wish to find the values of µY that satisfy

w (µY ) = 2
{
lp

(
µ̂Y

) − lp (µY )
} = 3.84. (C.1)

Now

lp
(
µ̂Y

) = l
(
µ̂Y , π̂ , µ̂X; y

) = l
(
π̂ , µ̂X, σ̂X; y

)
(C.2)

where π̂ , µ̂X, σ̂X and µ̂Y are maximum likelihood estimates and

l (π, µX, σX; y) = k − ln
[
1 − (1 − π)n − nπ (1 − π)n−1

]

+m ln π + (n − m) ln (1 − π)

− m

2
ln σ 2

X − (m − 1) s2
X + m (x̄ − µX)2

2σ 2
X

(C.3)

where k is a constant, and we use the fact that m has the truncated binomial distribution
given in Appendix B.

The maximum likelihood estimates of µX and σ 2
X are

µ̂X = x̄ and σ̂ 2
X = (m − 1)

m
s2
X.

Note that there is no closed-form solution for π̂ (Finney 1949). Substitution of µ̂X

and σ̂ 2
X into Eqs. C.2 and C.3 gives

lp
(
µ̂Y

) = k′ − m

2
ln s2

X + max
π

{
− ln

[
1 − (1 − π)n − nπ (1 − π)n−1

]

+m ln π + (n − m) ln (1 − π)
}

(C.4)

where k′ is a constant, and the maximisation with respect to π is obtained by numerical
search.

The second term in w (µY ) is the profile log-likelihood (Eq. 10) and is given by

lp (µY ) = l (µY , π̃, µ̃X; y) . (C.5)

From Eq. 1 we can write

σ 2
X = 2 (ln µY − ln π − µX) ,
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and so the likelihood in Eq. C.3 can be rewritten as

l (µY , π, µX; y) = k∗ − ln
[
1 − (1 − π)n − nπ (1 − π)n−1

]

+m ln π + (n − m) ln (1 − π)

−m

2
ln (ln µY − ln π − µX) − (m − 1) s2

X + m (x̄ − µX)2

4 (ln µY − ln π − µX)

(C.6)

where k∗ is a constant. The profile log-likelihood lp (µY ) is then found by maximising
Eq. C.6 with respect to π and µX.
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